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On the irrationality measure function in average. 

D. 0. Shatskov 



Abstract 

t 

We consider the value I a (t) = J ip a (0d£,, where ip a (t) = min ||(/a||. We prove that for almost 
all a one has lim h& = 6 lo | 2 , It is proved that there exist algebraically independent numbers 

t— > + 00 iHt 7T - 

a and /3 such that the difference I a {t) — I pit) tends to infinity when t —> +oo. 
Bibliography: 10 titles. 



Let a be a real irrational number. We consider the funcion 

iba(t) — mm \\q&\\ 

(here q is an integer number and || • || stands for the distance to the nearest integer). For < a < 1 
we consider the continued fraction expansion 

1 

a = [a ; «i, a 2 , ...) — a -\ 



1 

ai H - 

a 2 + 

^ ■ 

03 • Let us define the convergents 

— = [do; , ai, a,2, ■ ■ ■ , a v ]- 
For £ from the range q v ^ £ < q u+ \ one has 

ipa{t) = \\qM\ = -jvl- (!) 
Let us recall the definition of Lagrange specrtum (see |9j): 



L={AgM: 3a liminf £^ Q (£) = A}, 

t— >+oo 



and Dirichlet spectrum (see [3]): 



D = {AGM: 3a lim sup ^(t) = A}. 

t— >+oo 
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There is a lot of results related to the structure of the sets L, D. In the present paper we study the 
integral 

t 

i a {t) = j MOdC 
i 

As < tip a (t) < 1 for £ ^ 1, we have I a (t) < Int. 

Given £ > 1 we define iV = N(a, £) by the conditions 

q N < * < Qn+v (2) 

It is clear that N — > oo when £ — > oo. 

The main results of the present paper are as follows. 

Theorem 1. For almost all (in sense of Lebesgue measure) numbers a one has 

1) li m = I 

2) l im ZaW - 6in2 



In the next two theorem we have calculated the extremal values for the quantity 
Theorem 2. For every irrational number a G (0; 1) one has 



N(a,t) ■ 



I a (t) 
j 

t— >oo 

i a {t) i VE 



1) lim sup 

j^oo N(a,t) ^2 10 • 



2) liminf 

The bounds from Theorem 2 are optimal ones. 
Theorem 3. Given d G 



1 _ VE. i 

2 10 ' 



there exists a, such that 

lim = ± 

t^oo N(a, t) 

In the paper [6] it is proved that for any two real numbers a, (3, such that a ± /3 ^ Z, the difference 
function 

Mt)-Mt) ( 3 ) 

changes its sign infinitely many often as £ — > oo. 
It is easy to show that for r = v ^~ 1 one has 

i^oo ln£ I 2 10 / I 2 
So one can easily find two algebraically independent real numbers a and (5 such that the limits 

lim and lim 

£->oo ln£ t^oo ln£ 

are different. We see that it may happen that the difference I a (t) —Ip(t) tends to infinity as £ — > +oo. 
This shows that there is no general oscillating property for the difference function I a (t) — Ip(t). 
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For the integrals under consideration we have the following result. 

Theorem 4. Let q , qi, . . . , q n , . . . and r , r l5 . . . , r n , . . . be the denominators of the convergents 
fractions for a and (3, respectively. Then for almost all (in sense of Lebesgue measure) pairs (a, (3) 
in [0, l] 2 one has 



lim inf 



j Mm- J Mm 



< +oo. 
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O cpe,a,HeM 3HaneHHH Mepti Hppau,HOHajii>HOCTH Bem,ecTBeHHt.ix nnceji. 

R. O. IIIaiiKOB 

1. BBefleHne h cpopMyjinpoBKH pe3yjit>TaTOB. 

^jis ^eficTBHTejibHoro a paccMOTpiiM cpyHKUHio 

ib a (t) = min \\qa\\ 

(3,n;ecb mhhhmym 6epeTcs no uejiBiM q h || • || oGosHanaeT paccToaHne ro 6jiii:>KaHiiiero uejioro). Ecjih 
paccMOTpeTb pa3Jio>KeHHe nncjia a b o6t>iKHOBeHHyio ijermyio ^;po6B 

a = [a ; ax, a 2 , . . .] = a H — ; 



ai 



a 2 H 

h nepe3 

- r i 

— a 0i 5 a l) a 2, ■ ■ ■ , &v\ 

o6o3HaHaTB no^xoflHmHe k a flpo6n, to npii q v ^ t < q u+ \ 6yn;eT hmctb MecTo 

^ a (t) = \\q u a\\ = \q u a - p u \. (1) 
H3BecTHBi MHoroHHCJieHHbie Hccjie,n;oBaHHa (cm. |9]) cnenmpa Jlazpanafca 

L = {AeR: 3a liminf t^ Q (t) = A} 

t— >+oo 



h (cm. [3]) cnenmpa /Jupux/ie 



{AeR: 3a lim sup (t) = A}. 

t— >+oo 



IIpe^MeTOM Harnero HsyneHira 6ya;eT HHTerpaji 

Ia(t) = [ M0<%' 



IIocKOJiBKy < tip a {t) < 1 RJift Jiio6oro t ^ 1, to cpa3y bh^hm, hto 7 a (£) < Int. 
Hepe3 N = N(a, t) mbi o6o3HannM BejinnnHy, sa^aBaeMyio ycrroBneM 

Qn < 1 < Qn+v ( 2 ) 

5Icho, hto N — > oo npH £ — >■ oo. 

B HacToamen pa6oTe mh ^oKaaceM cjie^ryroinnn MeTpnnecKnn pe3yjiBTaT. 

TeopeMa 1. JJasi nonmu ecex (e cMua/ie Mepu JIe6esa) uuceA a eunoAHRtomcH paeencmea 



°Pa6oTa BbinojiHeHa npH no/mepjKKe POOH N s 12-01-00681-a. 
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1) ii m 

2) lim ^ - 



i 

2 ' 

iln2 



t— >oo 



In / 



IIomhmo MeTpHHecKoro pe3yjiKraTa, mm ^OKa>KeM yTBepjK^eHHe 06 3KCTpeMajibHbix 3HaneHH5ix 



BejIHHHHM 



N(a,t) ' 



TeopeMa 2. /pu ak>6oso uppayuonaAbHoso a £ (0; 1) eunoAnenu Hepaeencmea 
1) lim sup 



N(a,t) 



^ 1, 



2") lim inf J " (t) ;> i _ X2 

1UUUU ^ 2 



t— >oo 



VE 
10 • 



Ohchkh, npHBo^HMbie b TeopeMe 2 tohhm. Bojiee Toro, HMeeT MecTo 



TeopeMa 3. JJ,ah ak>6ozo d £ 



VE. i 
10 ' 



cyu^ecmeyem a, maKoe nmo 
I a {t) 



lim „ 

t^oo iV(a, i) 



r/. 



B He^aBHeii paGoTe j6] ,noKa3aHo, hto fljia a b Y x BemecTBeHHbix HHceji a, f3, Taxiix hto a± /3 ^ Z 

pa3HOCTb 

Mt)-M*) ( 3 ) 

6ecKOHeuHo mhoto pa3 MeHaeT 3HaK npn i — >■ oo. 

H3 cpopMyji (13T|) . ( JTUj) . (fT4"]) h jieMMBi 2 HacTosiHeii CTaTbH mojkho nojrynHTb, hto fljia r = ^ 2 ~ 1 

BBinOJIHeHO 

i T (t) (i . fVE+i 



lim 



2 10 / I 2 



t->oo In t 

Cjie^oBaTejiBHo cymecTByioT ajrreGpaHnecKH He3aBHCHMBie a h /3, Taxne hto npe^ejibi 

Um Ml . lim ««) 



t-»oo In £ 



t-s-oo In £ 



pasjiHHHM, h, cjie^oBaTejibHo pa3HocTb I a (t)—Ip(t) MoaceT cTpeMHTca k GecKOHeuHocTH npn t — > +oo. 
TaKHM o6pa30M, aHajior TeopeMM 06 ochhjijihhhh pa3HocTH ([3]) fljia HHTerpajioB I a (t), Ip(t), BooGme- 
roBopsi, He HMeeT MecTa. B HacroHmeH CTaTbe mm flOKa3MBaeM HecKOJibKo Gojiee cjia6biii pe3yjibTaT 
fljis paccMaTpHBaeMMx HaMH HHTerpajioB. 

TeopeMa 4. JJaji noumu ecex (e CMua/ie Mepu JIe6esa na [0, l] 2 ) nap (a, j3) eepno cAedymv^ee 
ymeepwcdenue. Ilycmb q , qi, . . . ,q n , . . . u r , T\, ... , r n , . . . cymv 3HaMeHameAU nodxodfiv^ux dpo6eu 
Bar a u f3 coomeemcmeeHHo. Tosda 



lim inf 

n— »oo 



Mm - / MZW 



< +oo. 



CHanajia b nyHKTax 2 h 3 mm npHBo/XHM jj;oKa3aTejiBCTBo TeopeMM 2. 3aTeM b nyHKTe 4 mm 
^;oKa3MBaeM TeopeMy 3. B nyHKTe 5 mm npHBo/XHM HeoGxo/XHMBie cBe^eHHa H3 sprojinnecKOH TeopHH, 
a 3aTeM b nyHKTax 6 h 7 ^;oKa3MBaeM TeopeMM 1 h 4. 
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2. OopMyjifai c no/],xo/],5iiij,HMH /j,po6aMH. 

HaM noHa^o6HTca cpopMyna fljia: norpeniHOCTH npnGjiiDKeHiui HHCJia a ero noflxo^Hmefi ^;po6bio 

— , KOTOpaH HMeeT BHfl 

Qn 

\\q v a\\ = ■ , (4) 

q u a u+ i + q v _ x 

HJIH 

^||?i/a|| = ; — (5) 

me q 

a u+ i = [a v+1 ; a u+2 , .,.), a* = [0; a u , a u -i, a\] = . 

OopMyjibi (PP) h d^l no3BojiaioT 3anncaTb HHTerpaji I a (t) b BH^e 

N + 

Ia(t)=y + , (6) 

~ qu-l<* v + Qu-2 q N a N+l + Qn-1 

r^e N onpe^ejieHo b (jSJ) . 3Ty >Ke cpopMyny mojkho 3anHcaTb no-^pyroMy. BBe^eM HOBoe o6o3HaHeHHe 
fljiH cjiaraeMbix H3 cpopivryjibi (jSJ) h npeo6pa3yeM hx: 

c , s qu - q v -\ qu - q v -i {qu - q v -i)a u+ x (l - a* u )a u+ i 

b v {a) = -. r = g-— = = . (7) 

J\jir nocjie^Hero cjiaraeMoro b cpopMyjie (E]) aHajroriiiHO nojiynaeM 

, , . t-g^v (5^7-^+1)^+2 

Aat+i(q!, t) = = f . 

QN&N+l + qN-l + °*N+l 

Tenept cpopMyny ([6]) mojkho 3aniicaTb 

I a (t) = G N (a) + A N+1 (a,t), (8) 

r^e 

N 

G N (a) = Y,Su(a). (9) 

u=l 

IlocKOJibKy a v > 1, a* G [0, 1] nanynaeM HepaBeHCTBo 

^ S v (ct) < 1. (10) 

5IcHO HTO 

0^A JV+1 (o ! ,t)<5 iV+1 (a). (11) 
Hcnojib3ys (|9]) h f llTJl) bbibo^hm oijeHKy cBepxy 

G N (a) < N. (12) 
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H3 (jSJ) . (TTU]) h (llip nojiynaeM orpaHHHeHne Ha HHTerpaji 

Gjv(a) ^ I a {t) < G N+1 (a), 



(13) 



I a {t) = G N {a) + 0{l). 



(14) 



HepaBeHCTBo (fT3|) ,naeT ou,eHKy cBepxy I a (t) < N+l rjir jiio6oro «et,n3 nero Henocpe^cTBeHHo 
cjie^yeT nyHKT 1) TeopeMbi 2. 

3. ^OKa3aTejii>CTBO nyHKTa 2) TeopeMbi 2. 

TJjis ^OKa3aTejibCTBa nyHKTa 2) TeopeMbi 2 HaM noHa^oGaTCH HenpepBiBHBie ^po6n c eeinecmeeH- 
humu HenojiHBiMH HacTHBiMH. B 3TOM nyHKTe h ,najiee ^jih 3anncH 6ecKOHeHHoro MHoacecTBa apry- 
MeHTOB 6yneM nojib30BaTbca o6o3HaHeHHeM x = (xi,X2, ■ ■ ■), r^;e x, G [1; +oo), i 6 N. Onpe^ejiHM 
(pyHKii,Hio a(x) = [0;x\,X2, ■ ■ ■]■ TaKxce onpe^ejiHM cpyHKHHH q u (x) h p v (x) KaK KOHTHHyaHTbi 



PaCCMOTpHM CpyHKHHIO 1^ a (x)(t) = \\ a ( x )QN( X )\\i HHTerpaji I a (x){t) = f Vty^CO^ H (pyHKHHH 




^jih Bcex v ^ BbinojiHaeTCH (cm |2]) HepaBeHCTBo 



q v {x) ^ 2"2 



(15) 



i 




IlpH Kaac^oM x BbinojiHHioTCH cjie,nyioiiiHe npocTeflniHe CBoftcTBa: 



a v (x) > 1, v ^ 1 



(16) 



< a*(x) ^ 1 



(17) 




(18) 



l 



(19) 



a„+i(x) 



aJx) 



•I) 1 



q v (x) q 2 (x)(a 1/+1 (x) + a*(z)) ' 

IIo aHajIOrHH C ((7j) H (|9]) paCCMOTpHM (pyHKIinH 



(21) 



SJx) 



[1 - al(x))a u+1 (x) 
a u+1 (x) + al(x) 



G n {x) — $v 



x). 



AHajiornHHO cpopMyjie ( !T^|) mojkho nojiynnTB paBeHCTBO 

I a (t) = G N (x) + 0(l), 



(22) 



r^e N onpe^ejieHo aHajiornnHo ((2]). 

Han,n;eM nacmbie npoH3BO^HL»ie ot (pyHKirnn a u (x) n Oi* v {x) no nepeMeHHon Xk- 3Toro yTon- 
hhm 3aBncnMOCTt> ot fc-oro apryMeHTa: 



Xjy ~J 



a v [x) 



„ i z/ ^ A; — 1; 



Xk -\ -?=v, v = k\ a*(x] 



* u+ i{x) ' 



u^k + 1, 



— — t=t , v < k: 



v — k: 



„ 2V+<_iO) : 



TenepB ^jih npoH3BO,zrHBix jierxo nojiynnTB cjie^yroirrne cooTHorneHiisi : 



i/ < jb- 1: 



(a„+i(x)) 

1, v — k 



0, 



r o, 



IlycTB / G Nq. H3 ( 123]) nojiynaeM 



sign (a„(x)) 



(*fc+Q!*_ 1 (a!)) 



u ^ k + 1, 

v < k; 
n, ^ = k; 



(x 1/ +a*_ 1 (x)) 



■'-k 



1, u = k-2l; 
-1, i/ = fc-l-2Z. 



(23) 



(24) 



(25) 
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AimjiorHHHo h fljia: (ot*(x))' H3 (j'24p bh^ho, hto 

( -1, i/ = + 2/; 
signK(x))^ = <^ (26) 
[ 1, i/= fc + l + 2Z. 

JleMMa 1. (pynnyuH G n (x) eo3pacmaem no naotcdoMy U3 nepeux n + 1 apsyMenmy. 
^OKa3aTejiBCTBo: IToKajKeM, hto [G n (x)) x > 0, ,zijiji fc ^ n + 1. Haft,a;eM npoH3Bo;jHyio no 
k-OMy apryMeHTy. B stom ,noKa3aTejiBCTBe He 6yn;eM nncaTB apryMeHT x. 

(C« - E + t <-<f^^ + 1 > , (27) 

HccjiejjyeM nepByio cyMMy H3 ( 1271) h noxaJKeM, hto OHa HeoTpnijaTejiBHaH. 
Bocnojib30BaBinHCB cooTHOineHHeM (123|) . ot6pochm HyjieBBie cjiaraeMBie 

^ K+i + a*) 2 K +1 + a*) 2 

B hoboh cyMMe, ncnojib3ysi ycjioBHe ckq = 0, mojkho npn HeoGxo/xnMocTH c/j;ejiaTB ncmoe KOJinnecTBo 
cjiaraeMbix, ^;o6aBHB cjiaraeMoe c v = 0. CrpynnnpyeM cjiaraeMBie no /XBa, HannHaa: c nocjie/jHero, 
n npeo6pa3yeM cyMMy, BocnojiB30BaBnincb ( 1T91) n ( 1231) : 

r fc— 2 1 

^ K +1 + a*) 2 _ ^ 1 „.W ^ 

= E 

Z=0 



(a^+i + a*) 2 f-f V K-2i + a* k -i-2i)' 2 (a k -i-2i + a* k _ 2 _ 2l ) 2 



Xk-i-2l+a* k _ 2 _ 2l J a:fe-i-2!+Qfc_2_2i \/ (1 — a k-2-2l) a t-2-2l ( a k-2l)' Xk 



-( a k-2l)L 



Qfc-2i ' k-2-2l 



a k-2i + - : „,iL* ) ( x fc _i_2i + + a 

x fe _i_2i - 1 + (a 



\— 1 

L 2 J / 1 i / * 

E/ \ / I %k-i-% - 1 + («A:-2-2zJ 

Z=0 



'afc-2i(^fc-l-2i + ttfe-2-2«) + ^ 



H3 ( 125]) . cjie/jyeT hto (a/ c _2;)^. > 0, fljisi Bcex Z, a 3HannT n bcs cyMMa Toace no jio^KHTejiBHa . 
IIoKajKeM, hto BTopaa cyMMa H3 ( |27j) Bcerjxa He oTpnn,aTejrBHa. 

H3 ( 124)) n ( 126]) nojiynaeM, hto cyMMa 3HaKOHepejxyioiiia5ic5i n HannHaeTca c nojiojKHTejiBHoro 
cjiaraeMoro npn v = k. CrpynnnpyeM cjiaraeMBie no flBa. Ecjih b cyMMe HeneTHoe KOjinnecTBO 
cjiaraeMBix, to nocjie/XHee cjiaraeMoe mojkho ot6pochtb, h6o oho nojiojKHTejiBHo, ot 3Toro cyMMa 
TOJibKo yMeHBniHTcs. BocnojiB3yeMca ( 1T9|) . (l24"j) . ( )26|) n ohchhm cyMMy cHH3y 

Y^ (1 + a v+ i)a v+ i(-al)' Xk _ A (1 + a„ + i)a„ + i(-a*)^ fc > 
^ K +1 + a*) 2 K +1 + a*) 2 
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E 

1=0 



1 + a k+ i+2i)ak+i+2i(a*k + 2i)'x k (1 + ak+2+2i)ak+2+2i(al+i + 2i) Xk 



(a k+1+2 i + a* k+2l ) 



(atk+2+2i + ttfc+i- 



-21) 



E 



a 



fc+22/ir fe 



1 + a/ c+2 +2z)afc+2+2i 



\ 



-a 



«/c+2+2Z 



* ^2 



[x k+1+ 2i + a k+2l 



J 



E (- 



-a 



fc+2/)x t 



x k+1+2 i+a* k+2l 

&k+2+2l + ^fc+l+2ittfc+2+2Z + ]){Xk+l+2l(Xk+2+2l + 1) _ (1 + afc+2+2z) a fc+2+2Z 

(a fc+ 2 + 2;(^fc+i+2Z + a£+2z) + l f 



> 0. 



=0 \ v-^wv-ow ■ - l fc+2Z; 

IIojiyHHjiH, hto npoH3Bo^Ha5i nojiojKHTejibHa npn k ^ n+ 1, 3HaHHT cpyHKUHs: G n (x) B03pacTaeT no 
nepBbiM n + 1 apryjvreHTaM. ,U,oKa3aTejibCTBo jicmmbi 1 3aBepineHo. 
H3 jieMMBi 1 cpa3y nojiynaeM 

Cjie/],CTBHe 1. /f/m jik>6ozo na6opa x u n G N eunoAHHemcsi Hepaeencmeo 



G n (x) ^ G n (l, x„ +2 , • • .)• 



(28) 



n+l 



Bo3bMeM BemecTBeHHoe hhcjio 2, fljisi Hero paccMOTpiiM Ha6op z — (z, z, . . .) h onpe^ejiHM hhcjio 

= + (29) 

V ' z + 2a(z) V 7 

JleMMa 2. ,2fA« ak>6oso z G [1,+oo) eunoAHsiemcsi Hepaeencmeo 

\G n (z) - S(z)n\ <4. 

^OKa3aTejibCTBo: ^Jia 2 = (2, 2, . . .) BBinojmaeTCH cbohctbo a* (2) = ^j|y , KOTopBie iio3bojihiot 



3anncaTB pa3HocTB (l2Tj) cjieflyiomHM o6pa30M 



^(^)K+i( 2 ) + qC(^))' 



3anHineM G n (z) cjie^yiomHM o6pa30M 

n n 

G n (z) = J2S(z) + J2(Su(z)-S(z)). 



Bocnojib3yeMC5i (fT5|) h noxajKeM, hto pH,n; (S v (x) — S(z)) cxo^htcs aGcojiioTHo 



u=l 



J2\Su(z)-S(z)\=J2 



u=l 



(1 - al(z))a y+ i(z) (1 - a(z))a v+1 (z)) 



Oi u +x(z) + a* (z) a,; + i(z) + a(z) 



10 



OTKyfla 



y — 

^ (a v+1 + al) 2 (a u+1 + a)ql(z 

\G n (z) - S(z)n\ < 4 



E2 4 
< > — = 4, 



hto h TpeGoBajiocb ^;oKa3aTt.. 

JleMMa 3. Ilycmb x = (z 1 , z 2 , . . . , 2 n+ i, x n+2 , . . .) uy=(z 1 ,z 2 ,..., z n+1 , y n+2 , . . .), mozda 

\G n {x)-G n {y)\<\. 

^OKa3aTejii>CTBO. Elpn v ^ n + 1 ^Jia (pymajHH a* (a?) h a*(y) BBinojmaeTca: paBeHCTBo 

Tax Kax a u (x) = [x v \ x u+1 , ... , x n+i , a n+2 , . . .] h a„(y) = [x„; a^+i, . . . , aj n+1 , 6 n+2 , • • •], to 3Hane- 



hhs o6enx (pyHKu,Hfl jiejKaT Meacfly iHoiaMH 
n03B0JI3eT OU,6HHTB paccroHHue Meatfly hhmh: 

|a„(x) - a„(y)| < 



n — v 

(x) 

(*)+ 



^cm. [2J). HepaBeHCTBo f fT5|) 



1 



OflemiM pa3HocTb 



|£„(x) - ^(y) | = 
= (1 - a*(z)) 



g ri _ y+ i(x)(g„_ i ,(x) + qVi-^+i^)) 2 n v 
1 - a*(x))a H -i(x) (1 - a* u (jj))a u+1 (y) 



a*(x) + a u+ i[x) al(y) + a v+x 
a u+1 {x)a* v (x) - a v+ i{y)al{x) 



(<(x) + a v+l (x)){al(x) + a v+l (y)) 



^ (1 - a*(z))a^a:)|a v+ i(:E) - a v+ x(y)\ ^ ~| 0^+1(2;) - ^ 



2n—v+l 



,U,ajiee 



\G n {z) - G n (y)\ 



n n _ 

^\S,(z)-S v (y)\^^Ti< 1 - 



u=l 



u=l 



,HpKa3aTejibCTBo jicmmbi 3 3aBepineHo. 

CneflCTBHe 2. JJaji y = (z, . . . ,z, y n +2 • • •) U3 azmm 2 u 3 nojiyuaeM umo 

n+l 

\G n {y) - S(z)n\ < 5. 



(30) 



Tenept mm 3aBepniHM flOKa3aTejibCTBo nyHKTa 2) TeopeMbi 2. H3( !T4")) . ( |28|) . (129|) h ( 130]) nojiynaeM, 
hto fljia jiioGoro HaGopa x BbinojiHHeTca 



lim inf 



lim inf — ^- - = lim inf — n X ^ lim inf 
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,H,oKa3aTejibCTBo TeopeMbi 2 3aBepineHo. 
4. ^OKa3aTejii>CTBO TeopeMbi 3. 

JleMMa 4. IlycTb x — (0; x, z 2 , z 3 ...,), y = (0; y, z 2 , z$ . . . , ) h«gN Tor^a 

\G n (x) - G n (y)\ <8. 

^OKa3aTejii>CTBO. 06a Hiicjia cel(x) h a^Q/) nonaflaioT b HHrepBaji Meac^y HiicjiaMH - — 1 -=- n 



Piy-i(^) 



p " X ^ +Vv 2 ^ (cm. [2]), r,n;e ^4|t " noflxoflHmas ,zrpo6b k a* v (x). 3to no3BOJiseT oueHHTb paccToaHiie 



MejK^y HHMH 



q v (x) 

\al(x) - a* u (y)\ < 



IIpH V ^ 2 BbinOJIHHeTCH paBeHCTBO 



?i/-i(a0(ft/-2(a0 + <?n-i(») 



->u-2 ' 



OueHHM pa3HOCTB 

\G n (x) - G n (y)\ 



u=l 



E 

iv=l 



(1 - a* v {x))a v+1 {x) {1 - a* v {y))a v 



+1K 



E 

j/=i 



+ a„ + i(a;) a*(y) + a w+1 (y) 
I - a* u (x)a u+1 (y) - a* u (x) + al(y)a u+1 (x) 



a 



(a* u (x) + a v+1 {x))(a* v {y) + a v+x {y)) 



E 



a u+1 {x){\ + a v+1 (y)) . # 



<(x)| < 2 K(v) - < E ™ = 8 - 



i/=i 



^=1 



^oKasaTejibCTBo jieMMbi 4 3aBepineHo. 

Hb cjie^cTBHa 2 h jicmmbi 4 nanynaeM, hto ^jia Ha6opa x = (xi, z,z, . . . ,z, x n+2 , ■ ■ .) BbinojiHHeTCH 

n 

HepaBeHCTBO 

\G n (a) - S(z)n\ < 13. (31) 

CyMMa 3aBHCHT ot n + 1 apryMeHTa (ai, 02, . . . , a n , a n+ i). B ^ajibHeflineM paccyac^eHHn 

HaM ynoGHo BBinejiHTb 3aBHCHMocTB ot nocjie,nHero apryMeHTa. J\jik Hucjia a — [0; ai, 02, . . .] nepe3 
G n (o;,x) 6yn;eM o6o3HaHaTb cyMMy ^jia HaGopa (a l5 a 2 , . . . , a n , x), r^e a; G (l,+oo). OGosHanuM 
+00) = lim G n (a, x) h G n (a, 1) = lim G n (a, x). 

x— >oo X— >1 

yTBep>K/],eHHe. J\ii5i Jiio6bix x, y G (1, +00) BBinojiHHeTca HepaBeHCTBO 



\G n -i(a,x) - G n (a,y)\ < 3. 
^OKa3aTejibCTBO. H3 jieMMbi 1 h jieMMbi 3 nojiynaeM 

< G n (a, +00) - G n (a, 1) < 1. 



(32) 
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Hb CpOpMyjIBI Q MOJKHO BHBeCTH p&BeHCTBO 

G n (a, +00) = G n -x(a, a n ) + (1 - a*). 
06teflHHHB 3th cpopMyjiBi, nojiynaeM HepaBeHCTBo 

\G n -x{a,a n ) - G n (a, 1)| < I. 
IXpiiMeHHM jieMMy 3 fljia Kaacfloft 113 cyMM h nanyHHM yTBepxcfleime. 

fljlS (pyHKI^HH S(z) BBinOJIHHIOTCa CBOHCTBa: 

1) oHa mohotohho B03pacTaeT; 

2) I - f = S(l) ^ S(z) < S(+oo) = I. 
J\jis. jiio6oro d 



I — lj mojkho B35ITB HaTypajiBHBie HHCjia a h 6, TaKne hto6bi BBinojiHajiocB 

ycjioBue S(a) ^ d < S(b). 

JleMMa 5. CynjecTByeT t m %n Taxoe, hto ^jih jiio6oro Ha6opa (01, . . . , a k ) h jiio6oro x 6 [1, +00) 
npn Bcex £ > t min BBinojiHHioTCii HepaBeHCTBa: 

" 1) 

— ; < d, 

k + t 

fljia Bcex HHceji BH^a a = [ai, . . . , a k , a, . . . , a, x\; 

t 

2) 

G k+t (P,x) 
k + t 

fljis Bcex HHceji BH^a f3 = [a\, . . . , a k , b, . . . , b, x]. 

t 

^OKa3aTejit>CTBO. 3anHnieM cyMMy Gk+t cjie^yroiLyiM o6pa30M 



Gk+t — Gk + S, 



k+t 



v=k+l 

k+t 

CyMMa ^2 S u ecTB hh hto HHoe k&k Gt pjm Hucjia (— r— , a, . . . ,a,x). 3anHineM Gk+t Hepe3 ^Be 

u-k+l ^ 

cyMMBi, a noTOM npHMeHHM jieMMy 4 11 nojiy^HM paBeHCTBo 

G k+t (a,x) = G k + G t I — — ,a, . . . ,a,x I = G fe + S^a^t - 1) + R, (33) 



a n+l 



t-1 



r^e R < 13. PaccMOTpiiM npe^eji 



Um G^+f = lim Gt + g (.) (< -i) + H = < d 

A; + t t^+00 k + t 
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OTKyfla cjie^yeT yTBepjK^eHHe jicmmbi. IlyHKT 2 ,n;oKa3BiBaeTC5i aHajiorniHo . 

Jinn nocjie^oBaTejitHocTH HaTypajiBHBix Hiiceji n u 6yn;eM o6o3HaHaTt HacraHHyio cyMMy nepe3 

W t =Yl n u . 

u=l 

Cjie/i,CTBHe 3. CymecTByeT a = [0; a, . . . , a, 6, . . . , 6, a, . . . , a, . . .], Taxoe hto 

ni ni 

G ni (a, +oo) 
ni 

ii fljia neTHoro i BbinojiHaeTCH 

G Wt -i(a, 1) , 1) 

w t -i <a< W t ' 

a fljis HeneTHoro £ > 1 BBinojiHaeTca 

G Wt {a, +oo) GvK t -i(a, +oo) 

m < < ■ 

SaMenaHiie. IIpii ^oKasaTejibCTBe cjie^cTBiia 3 b KanecTBe n v Ha^o 6paTB i min H3 jieMMbi 5. 

^OKa3aTejibCTBO TeopeMi>i 3. Bo3BMeM hhcjio a H3 cjie,n;cTBiis: 3 h noxajKeM, hto Bee n t +i 
orpaHHieHBi. IlycTB t HeneTHO, Tor^a 

Gwti®, 1) < G^(a, +oo) ^ ^ 



G Wt+1 -i{a, 1) , 
W m - 1 

OGcoHaHiiM 6 = [ 6; b, . . . , b , 1]. IIo jieMMe 3 nojiynaeM 

TH+i—l 

G Wt (a-, b) = G Wt (a, 1) + Ri, 
r^e \Ri\ < 1. BocnojiB3yeMca (133]) h pacniiineM 

G Wt+1 -i(Q!, 1) = G Wt (a,b) + 5(6)(n m - 1) + R = G Wt (a, 1) + S{b)n t+l + R + R X - 5(6), 



GW t (g, 1) + 5(6)n m + R + R X - 5(6) = GW t+1 _i(a,l) 

W + n t+1 -l ~ < ' 

h nojiynaeM 

dW t - G Wt (a, 1) - d - R - Ri + 5(6) 
nm < 5(6Pd • 

IlycTB t neTHo, Tor^a 

Giy t (a, 1) GV t (a, +oo) 
d < ~c __ __ 
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d< 



G Wt+1 -i(a, +00) 



W t+1 - 1 

06o3HaHHM a = lim [a; a, ... , a, x] = [a; a, . . . , a]. IIo jieMMe 3 h (9) fljin a nojiynaeM 



x— >+oo 



if+i -1 



rtt+i -1 



G m (a) = Gnr t (o, 1) + i? 2 , 

r^e |i?2| < 1- rioflCTaBHM 

Giy f+1 _i(a, +00) = G Wt (a, a) + S(a)(n t+1 - 1) + R = G Wt (a, 1) + S(a)n t+1 + R + R 2 - S(a) 
G Wt+1 -i(a, +00) _ G Wt (a, 1) + S(a)n t+1 + R + R 2 - S(a) 



d< 



W t+1 - 1 W t + n t+i - 1 

d + i? + i? 2 + + G Wt (l) - dW t 



rh+t < 



d — S(a) 



B o6ohx cjiynasx Bee n t +i orpaHnneHbi HeKOTopoft KOHCTaHToii, Ha30BeM ee M. 

^JIH H %^ H3 ©, fllOD H ([12]) BBIBO^HM HepaBeHCTBO 



G n +k G n 



n + k n 



n+k 

G n + y] 'S';/ 

f=ra+l 



n + A; 



n 



rt+fe 
i/=n+l 



n + k 



< 



n + k 



(34) 



^jia nocjie^oBaTejibHocTH Gn ^ bbiiiojihsiotcs cBoiicTBa: 

\\ Qn — Gr^_ 1 ^ (Pgj) 

/ n n+] n » C ' 

2^ 



w t 



-d 



< 



IV, 



H3 yTBep>K^;eHH2 h cjie,ncTBHa 3, 



3) Wt+i — Wt<Mwi orpaHHHeHHocTH n.^. 

HycTB n E [Wt] Wt+i), Tor,n,a H3 cbohctb 1 h 3 nojiyiaeM |^ — d\ < ^ppp- JX^ n > M nojiy^HM, 



A/+3 



Bo3BMeM npe^eji ot npaBofi 11 jieBofl nacTefl 



lim 

n— >+oo 



(2 



n 



< lim 



M + 3 



n->+oo n — M 



0, 



11. 111 



lim — - = d. 

Cjiynafl d = 1 nojiynaeTca fljis nncjia, y KOToporo HenojiHBie nacTHBie o6pa3yioT B03pacTaK>in;yio 
nocjie^oBaTejibHocTB. TeopeMa 3 ,noKa3aHa. 

5. 3pro/i,HHecKHe CBoiicTBa npeo6pa30BaHHa Taycca. 

HaM noHa^oGaTca HexoTopBie cBe^eHHH H3 spro^HnecKoft Teopim. OcHOBHBie HyacHBie HaM noHa- 

TH3 H yTBepJK^eHH3 HMeiOTCH B [T] (CM. TaKJKe [HE]). 
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PaccMOTpiiM npeo6pa30BaHiie Taycca T : [0; 1) — >■ [0; 1), KOTopoe ecTb 3H,n;oMop(pH3M 3a,naBaeMbiH 
(popMyjiott 

0, npn x = 0. 

Ecjih fljia x H3BecTHo ero pa3Jio>KeHHe b ueimyio ,npo6b x — [0; a±, a 2 , a 3 , . . .], to 

Tx = [0,a 2 ,a 3 , . . .]. 
HHBapiiaHTHaH Mepa ^jih npeo6pa30BaHHH Taycca 3a,naeTCH cpopMyjiofi 



EcTecTBeHHbiM pacinnpeHneM npeo6pa30BaHira Taycca 6yn;eT aBTOMopcpH3M T : [0; l) 2 — > 
[0; l) 2 , oiipe^ejiHeMbifi kbk 



T(x,y) 



npn i^0; 



(0,y), npa i = 0. 



y ecTecTBeHHoro pacniiipeHHs: T HHBapnaHTHasr Mepa ecTb 



A 



Ilpeo6pa30BaHHe T o6jia,n;aeT cbohctbom iT-nepeMeniHBaHHa:. B nacTHocTH, npeo6pa30BaHHe 
T sprcfliiHHo, h, corjiacHo TeopeMe BupKrocpa-XuHHiiHa, ^jih jnoGoii aGcojiioTHo HHTerpHpyeMoft 
cpyHKijHH f(x, y) acHMnTOTHHecKoe paBeHCTBo 



lim ±f(f»(x,y)) = -±- T C f&V^dU 

6yneT BbinojiHeHO fljis iiohth Bcex (x, y) G [0, l) 2 . 

Ecjih Ha Tonxy (x, y) no^eftcTBOBaTb npeo6pa30BamieM T u , to 



(35) 



•/■"■:•■••//) [V'u).' 1 " ■ ; !W " ' ). (30) 



r^e — - no^xo^Hinne ^po6n jijis x. 



PaccMOTpHM npeo6pa30BaHHe T : [0, 1) — > [0, 1) , KOTopoe onpejj;ejiHM Tax 
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Ero HHBapnaHTHaa Mepa ecTB ^{zi) x V-iiz-i)- IIpeo6pa30BaHHe T spro^HHHo, sto cjie,n;yeT H3 toto, 
hto T oGjia^aeT cbohctbom nepeMeniHBaHna: (cm. |7]). 
Cjieflyiomaa TeopeMa ,noKa3aHa XajiacoM (cm. j8]). 

TeopeMa Xajiaca. fljifi ak>6ou unmespupyeMou (fiyHKyuu ip(p) u ak>6oso apgodunecKOso 
npeo6pa3oeaHUH T npocmpaHcmea R KoneHHOu Mepu eupaotcenue 



n— 1 „ 
n 



i/=0 

djiH noumu ecex p, Mensem 3hclk 6ecKoneHHoe hucjio pa.3 e cao,6om cMUCAe, m. e. sma pa3H0cmb ne 
Moofcem 6urm> nocmosmno noAowcumeAbHou uau ompuv^ameAbHou. 

IIpHMeHHfl 3Ty TeopeMy k spro^HnecKOMy npeo6pa30BaHHK> T, nojiyniiM 

Cjie/i,CTBHe 3. JJaji noumu ecex (^1,^2) — (^i. Hi, ^2? 2/2) £ [0, l) 2 x [0, l) 2 u ak>6ou /i 2 - 
unmezpupyeMou (fiymtyuu f(z) = f(x, y) pa3nocmnasi (fiyHKyua 

n n 

Mensem 3nan 6ecKoneHHoe hucao pa3 e cao,6om cmucjic 

6. ^OKasaTejifaCTBa TeopeMM 1. PaccMOTpuM cpyHKunio 

f(x,y) = ^-. (37) 
1 + xy 

IIoCKOJIBKy 

1-y In 2 

-dxay 








(l + xyf y 2 ' 
to npHMeHHa TeopeMy BupKrocpa-XuHHUiia (135|) . npirxo^HM k paBeHCTBy 

1 71 1 
lim -J2f(T v (x,y)) = -. (3f 

n.— inn n ' « / 



n— >oo 7^ 



Otmcthm, hto ecjin (z, y) = (io), to /(T"(x,0)) = h G n (a) = £ /(^M)). Cjie- 

flyiomee yTBep>K^;eHHe, 6jih3ko k HcnojiB30BaBiiieMyca: b pa6oTe [10J 

JleMMa 5. ak>6o2o (x, y) G [0; l) 2 m ak>6o2o n£N eunoAWiemcs Hepaeencmeo 



"£\f(T»(x,y))-f(T»(x,0)) 

^OKa3aTejibCTBO. IIoKa>KeM, hto psfl 

00 

J2(f(T»(xM-f(T»(x,y)) 



< 4. 



i/=i 
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cxo^htch aGcojiioTHo. 06o3HaHHM ot v = ^7^^. Ilajiee 



1 - a* v )a v+ i 



E/(™)=E a „ +1+a . 

n n ,.. ~ % 

E/(^.v)) = E ( " )a ^ 



PaCCMOTpHM pafl 

00 00 
J2\f(T v (x,y))- f(T»(x,0))\ = Yl 



v=l 



^1 - a v )a v+1 (1 - a*)a y+ i 



a u+ i + d h 



oiu+i + a* 



E 



i/=i 



a v — a* v + d v a v+ x - a* v a v+ i 



2y 



E 



1 + a 



U+\ I ~ 



00 

<E 



V- 



2 



a v - a* I ^ 



< 4. 



JleMMa 5 ^oKa3aHa. 

Cjie/i,CTBHe 4. ffjui ak>6o2o y G [0; 1] eunojinnemcH paeencmeo 



1 " ^ 1 - 

lim -V/(T^(x, ?/ ))= lim -V/(T"(x,0)). 

06o3HaHHM nepe3 R mho>k6Ctbo Tex Tonex (x, y) G [0, l) 2 , fljia KOToptix BBinojiHseTca paBeHCTBO 

1 - 1 

lim - J2f(T»(x,y)) = ~. 



Mepa MHoacecTBa R paBHa 1. PaccMOTpuM npoeKmno 

R={xe[0,l)\By:(x,y)eR}. 
Mepa MHOJKecTBa R Toxce 6yn;eT paBHa 1. CorjiacHo cpopMyjie (I14p h cjie^cTBHio 4 BBinojmseTca 

paBeHCTBO 

lim -^L = lim = I V /(T^x, 0)) = 1. 

IlyHKT 1) TeopeMBi 1 ,n;oKa3aH. 

J\ns. ^;oKa3aTejibCTBa nyHKTa 2) TeopeMBi 1 HaM noHaflo6HTca t. JleBH (cm [2J). 
TeopeMa JleBH. JJ,ah noumu ecex a G (0; 1) uMeem Mecmo cAedywm,ee paeencmeo 



lim 



7T 



n 12 In 2 
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Hb TeopeMBi JleBH nojiynaeM hto jijisi iiohth Bcex a BBinojmeHo paBeHCTBo 



7T 



lim 

t^oo N(a,t) 12 In 12 

IlyHKT 2) TeopeMBi 1 nojiynaeTcs H3 nyHKTa 1) TeopeMBi 1 h nocne^Hero paBeHCTBa. TeopeMa 2 
nojiHocTbio ^;oKa3aHa. 

7. ,ZJoKa3aTejibCTBO TeopeMM 4. CHOBa paccMaTpuBaeM cpyHKUHio / onpe^ejieHHyio b (|37p . 

IlyCTB Ri C [0, l) 2 X [0, l) 2 3TO MHOJK6CTBO flJIH TeX T016K {z\, Z 2 ) = ((Xi,l/i), (x 2 ,y2)), PJIK KOTO- 

pBix BBinojiHHeTCH cjie^CTBHe 3. Ero Mepa paBHaeTca 1. J\jir (zi,z 2 ) G -Ri paccMOTpHM tojibko Te 
3HaneHH5i n pjm KOTOpBIX CyMMBI 



n+1 



n+1 



u=l 



HMeioT pasjiHHHBie 3HaKH. Tor^a, nocKOJiBKy KajK^oe cjiaraeMoe b cyMMax He npeBocxo^HT eflBHiniH, 

BHflHM, HTO 



J2f(T v z 1 )-J2f(T v z 2 ) 



< 2. 



PaccMOTpHM npoeKunio 

Ri = {(x ll x 2 ) E [0, l) 2 \3yxBy 2 : (x 1 ,y 1 ,x 2l y 2 ) E 

Mepa MHOJKecTBa Ri Toace paBHa 1. J\jik (a, (3) G Ri h paccMaTpiiBaeMBix 3HaHeHHH n c yneTOM 
jieMMBi 5 nojiynaeM 



In 



i/> a (t)dt- J i)p{t)dt 
TeopeMa 4 flOKasaiia. 



\G n (a)-G n (P)\ 



n n 
I/=l ' v=l 



< 10. 
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